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Abstract
In this paper we extend the concept of almost summing operators to holomorphic mappings and
obtain several coincidence and noncoincidence theorems for this class of mappings.
 2003 Elsevier Inc. All rights reserved.
1. Introduction and notation
A natural way to generalize polynomial concepts to holomorphic mappings is to at-
tempt to the study of holomorphy types. The theory of holomorphy types was introduced
by Nachbin in the sixties and several special cases have been subsequently studied by many
authors (we mention [2,8,9] for more details). In a recent paper, Matos [12] shows that it
is possible to consider a holomorphy type related to an adequate definition of absolutely
summing mappings. Further work of Pellegrino and Souza [19] shows that another ap-
proach for absolutely summing polynomials also induces a holomorphy type and furnishes
a new concept of summability for holomorphic mappings. Other approaches concerning
absolutely summing (almost summing) holomorphic mappings can be found in [10,16].
The aim of this paper is to show that an adequate generalization of almost summing
operators allows to obtain a holomorphy type in Nachbin’s sense, and furnishes a natural
concept of almost summability for holomorphic mappings. We introduce the concept of
strongly almost summing holomorphic mappings and also present some coincidence and
noncoincidence results for this class of mappings. For example, among other results, we
prove that every holomorphic mapping fromL1-spaces (orL∞-spaces) into a Hilbert space
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1 <p <∞.
Throughout E1, . . . ,En,E,F will stand for Banach spaces and p is a real number not
smaller than 1. The scalar fieldK can be either R or C and (rj (t))∞j=1 will denote sequence
of the Rademacher functions on [0,1].
The Banach space of all continuous n-linear mappings from E1 × · · · × En into F
endowed with the sup norm will be denoted by L(E1, . . . ,En;F) and the Banach space of
all continuous n-homogeneous polynomialsP from E into F with the sup norm is denoted
by P(nE;F).
The linear space of all sequences (xj )∞j=1 in E such that
∥∥(xj )∞j=1∥∥p =
( ∞∑
j=1
‖xj‖p
)1/p
<∞
will be represented by lp(E) and we will denote by lwp (E) the linear space of the sequences
(xj )
∞
j=1 in E such that (ϕ(xj ))∞j=1 ∈ lp for every continuous linear functional ϕ ∈ E′.
We define the norm ‖ · ‖w,p in lwp (E) by ‖(xj )∞j=1‖w,p = supϕ∈BE′ ‖(ϕ(xj ))∞j=1‖p . There
are various possible generalizations of the ideal of absolutely summing operators. Some
directions for multilinear mappings sketched in the work of Pietsch [20] motivated the
following definitions, which have been broadly investigated (see [4,13,15]).
Definition 1 [1]. A continuous multilinear mapping T :E1 × · · · × En → F is (p;q)-
summing (or absolutely (p;q)-summing) if there exists C > 0 such that( ∞∑
j=1
∥∥T (x(1)j , . . . , x(n)j )∥∥p
)1/p
 C
n∏
k=1
∥∥(x(k)j )∞j=1∥∥w,q,
∀(x(k)j )∞j=1 ∈ lwq (Ek), k = 1, . . . , n. (1)
We denote the space of all (p;q)-summing n-linear mappings from E1 × · · · ×
En into F by Las(p;q)(E1, . . . ,En;F). The infimum of the C defines a norm for
Las(p;q)(E1, . . . ,En;F) and this norm is denoted by ‖ · ‖as(p;q). Under this norm,
Las(p;q)(E1, . . . ,En;F) is a Banach space. If q = p, we write Las,p(E1, . . . ,En;F),
‖ · ‖as,p. When n= 1, we have the original concept of absolutely summing operators.
Definition 2 [11]. A continuous multilinear mapping T :E1×· · ·×En → F is fully (p;q)-
summing (or fully absolutely (p;q)-summing) if there exists C > 0 such that( ∞∑
j1,...,jn=1
∥∥T (x(1)j1 , . . . , x(n)jn )∥∥p
)1/p
 C
n∏
k=1
∥∥(x(k)j )∞j=1∥∥w,q,
∀(x(k)j )∞j=1 ∈ lwq (Ek), k = 1, . . . , n. (2)
The space of all fully (p;q)-summing n-linear mappings from E1 × · · · × En into
F will be denoted by Lfas(p;q)(E1, . . . ,En;F), and the infimum of the C for which
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norm,Lfas(p;q)(E1, . . . ,En;F) is complete. When q = p, we write Lfas,p(E1, . . . ,En;F),
‖ · ‖fas,p .
The first attempt to a definition of almost summing multilinear mappings is due to
Botelho et al. [6]. They say that a continuous n-linear mapping T :E1 × · · · × En → F
is almost q-summing if there exists C  0 such that
( 1∫
0
∥∥∥∥∥
k∑
j=1
T
(
x
(1)
j , . . . , x
(n)
j
)
rj (t)
∥∥∥∥∥
2
dt
)1/2
 C
n∏
s=1
∥∥(x(s)j )kj=1∥∥w,q (3)
for every k. Analogously, in [5], a continuous n-homogeneous polynomial P :E → F is
said to be almost q-summing if there exists C  0 so that
( 1∫
0
∥∥∥∥∥
k∑
j=1
P(xj )rj (t)
∥∥∥∥∥
2
dt
)1/2
 C
∥∥(xj )kj=1∥∥nw,q (4)
for every k. The linear space of all n-homogeneous polynomials from E into F , which
are almost q-summing, will be denoted by Pal,q(nE;F). Analogously, the space of
all almost q-summing n-linear mappings from E1 × · · · × En into F is denoted by
Lal,q(E1, . . . ,En;F). It is worth remarking that inequalities (3) and (4) do not offer much
resistance for continuous n-linear mappings (n-homogeneous polynomials) from L∞-
spaces into any Banach space, since in [16] it is shown that
Lal,2(E1, . . . ,En;F)= L(E1, . . . ,En;F) and Pal,2(nE;F)=P(nE;F),
whenever E,E1, . . . ,En are L∞-spaces and F is an arbitrary Banach space.
In view of this and in order to deal with holomorphy types (and thus holomorphic map-
pings) we present the following natural definition, essentially similar to our definition given
in [17, Definition 7.1.2], which is more restrictive than the concept introduced in [6].
Definition 3. A continuous n-linear mapping T :E1 × · · · × En → F is strongly almost
q-summing if there exists C > 0 such that
( 1∫
0
∥∥∥∥∥
k∑
j1,...,jn=1
T
(
x
(1)
j1
, . . . , x
(n)
jn
)
rπ(j1,...,jn)(t)
∥∥∥∥∥
2
dt
)1/2
 C
n∏
s=1
∥∥(x(s)j )kj=1∥∥w,q (5)
for every k, where π is any injective mapping from N× · · · ×N into N.
The linear space of all n-linear strongly almost q-summing mappings from E1 × · · · ×
En into F will be denoted by Lsal,q(E1, . . . ,En;F). For n = 1 and q = 2, this definition
coincides with the concept of almost summing operators.
It is not hard to prove that, as it happens in the linear case (see [6]), if q > 2, the only
strongly almost q-summing n-linear mapping is the null mapping. So, in order to avoid
trivialities, we will always assume that q  2. For related results, see [17,18].
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(‖ · ‖sal,q ) for the space of all strongly almost q-summing multilinear mappings. Under
this norm Lsal,q(E1, . . . ,En;F) is complete.
One can realize that the particular choice of π is irrelevant. We use the terminology
“strongly” because Kahane’s contraction principle (see [7, 12.2, p. 231]) yields that our
definition is more restrictive than the definition of almost summing multilinear mappings
given in [6].
From now on we will say that an n-homogeneous polynomial is strongly almost q-
summing if its associated symmetric multilinear mapping Pˇ is strongly almost q-summing.
The strongly almost summing norm for polynomials will be the one induced by the strongly
almost summing norm of its associated n-linear mapping, i.e., ‖P‖sal,q = ‖Pˇ ‖sal,q .
In order to deal with holomorphic mappings, we shall firstly recall the concept of holo-
morphy types. Henceforth we will consider Banach spaces over the complex scalar field.
Definition 4 [14]. A holomorphy type θ from E to F is a sequence of Banach spaces
(Pθ (mE;F))∞m=0, the norm of each of them denoted by ‖ · ‖θ , such that the following
conditions hold true:
(1) Each Pθ (mE;F) is a linear subspace of P(mE;F);
(2) Pθ (0E;F)= F, as a normed linear space;
(3) There exists a real number σ  1 for which the following is true. Given any l,m ∈N,
l m, x ∈E and P ∈Pθ (mE;F), we have
dˆ lP (x) ∈ Pθ (lE;F) and
∥∥∥∥ 1l! dˆ lP (x)
∥∥∥∥
θ
 σm‖P‖θ‖x‖m−l .
If U ⊂E is an open set, f ∈H(U ;F) is said to be of θ -holomorphy type at ξ ∈U if
(1) dˆmf (ξ) ∈ Pθ (mE;F) for every natural m;
(2) There exist real numbers C  0 and c 0 such that∥∥∥∥ 1m! dˆmf (ξ)
∥∥∥∥
θ
 Ccm for every natural m.
Moreover, if f is of θ -holomorphy type at every point of U we say that f is of
θ -holomorphy type on U . We denote by Hθ (U ;F) the linear subspace of H(U ;F) com-
posed by all such f of θ -holomorphy type on U .
2. Results
Our first result shows that the definition of strongly almost summing polynomials actu-
ally allows to consider a holomorphy type.
Theorem 5. (Psal,q(kE;F),‖ · ‖sal,q)∞ is a holomorphy type sal, q .k=0
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lwq (E), l = 1, . . . , k, and denote by π an arbitrary injective mapping of Nn into N. Define
π1(j1, . . . , jk)= π(j1, . . . , jk,1, . . . ,1). Since (rπ(j1,...,jk,1,...,1))∞j1,...,jk=1 is a sequence of
independent, symmetric, real random variables, defining (x(l)j )∞j=1 = (a,0,0, . . .) for each
k + 1 l  n we obtain( 1∫
0
∥∥∥∥∥
m∑
j1,...,jk=1
1
k!d
kP (a)
(
x
(1)
j1
, . . . , x
(k)
jk
)
rπ1(j1,...,jk)(t)
∥∥∥∥∥
2
dt
)1/2
=
(
n
k
)( 1∫
0
∥∥∥∥∥
m∑
j1,...,jk=1
Pˇ
(
x
(1)
j1
, . . . , x
(k)
jk
, a, . . . , a
)
rπ1(j1,...,jk)(t)
∥∥∥∥∥
2
dt
)1/2
=
(
n
k
)( 1∫
0
∥∥∥∥∥
m∑
j1,...,jn=1
Pˇ
(
x
(1)
j1
, . . . , x
(n)
jn
)
rπ(j1,...,jn)(t)
∥∥∥∥∥
2
dt
)1/2

(
n
k
)
‖P‖sal,q‖a‖n−k
k∏
l=1
∥∥(x(l)j )mj=1∥∥w,q .
Thus dkP (a) ∈Lsal,q(kE;F) for each k. Finally,∥∥∥∥ 1k! dˆkP (a)
∥∥∥∥
sal,q

(
n
k
)
‖P‖sal,q‖a‖n−k  2n‖P‖sal,q‖a‖n−k. ✷
So, we are able to introduce the concept of strongly almost summing holomorphic map-
pings.
Definition 6. A holomorphic mapping f :E → F is strongly almost q-summing (f ∈
Hsal,q(E;F)) if f is of sal,q-holomorphy type on E.
Now, we can give the first examples in which we haveH(E;F)=Hsal,q(E;F).
Firstly, let us recall the concepts of type and cotype. If 2 q <∞, E has cotype q if
there is C  0 so that for any k ∈N and x1, . . . , xk ∈E, we have(
k∑
j=1
‖xj‖q
)1/q
 C
( 1∫
0
∥∥∥∥∥
k∑
j=1
rj (t)xj
∥∥∥∥∥
2
dt
)1/2
. (6)
The infimum of the C satisfying (6) is denoted by Cq(E). If 1 q  2, we say that E has
type q if there exists D  0 such that for every k ∈N and x1, . . . , xk ∈E, we have( 1∫
0
∥∥∥∥∥
k∑
j=1
rj (t)xj
∥∥∥∥∥
2
dt
)1/2
D
(
k∑
j=1
‖xj‖q
)1/q
. (7)
The infimum of D satisfying (7) is denoted by Tq(E).
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almost summing multilinear mappings (polynomials), a straightforward handling of type
and cotype allows us to state that if F has type p and cotype q , then
Lfas(p;r)(nE;F)⊂ Lsal,r (nE;F)⊂ Lfas(q;r)(nE;F)
for every r ∈ [1,2] and every Banach space E. Moreover,
Cq(F )
−1‖T ‖fas(q;r)  ‖T ‖sal,r  Tp(F )‖T ‖fas(p;r).
Proposition 7. If H is a Hilbert space and E is an arbitrary Banach space, then
Hsal,1(E;H)=H(E;H).
Proof. In [21] and [3] it is proved that Lfas(2;1)(nE;H)= L(nE;H) and
‖T ‖fas(2;1) 
(
C2(H)
)n‖T ‖.
So, if P ∈ P(nE;H), then P ∈ Psal,1(nE;H) and
‖P‖sal,1  T2(H)‖Pˇ ‖fas(2;1)  T2(H)
(
C2(H)
)n‖Pˇ ‖ T2(H)(C2(H))nen‖P‖,
and thus every holomorphic mapping from E into H is of sal,1-holomorphy type. Since
H is a Hilbert space, we also have C2(H)= T2(H)= 1. ✷
We say that the sequence (xj )∞j=1 of points of E is almost unconditionally summable if∑∞
j=1 rj (t)xj ∈ Lp([0,1],E) for some, and then for all p, 0 < p <∞. The space of all
almost unconditionally summable sequences of a Banach space E is denoted by Rad(E)
and becomes a Banach space under the norm
∥∥(xj )∞j=1∥∥=
( 1∫
0
∥∥∥∥∥
∞∑
j=1
rj (t)xj
∥∥∥∥∥
2
dt
)1/2
.
The following proposition outlines a connection between absolutely summing operators
and strongly almost 1-summing multilinear mappings.
Proposition 8. If, for every T ∈L(nE;F), there exists C  0 (depending on T ) so that for
every natural m and every (x(k)j )
m
j=1, k = 2, . . . , n, Tm :E→ Rad(F ) given by
Tm(x)=
(
T
(
x, x
(2)
j2
, . . . , x
(n)
jn
))m
j2,...,jn=1
is such that
‖Tm‖as,1 C
∥∥(x(2)j )mj=1∥∥w,1 . . .∥∥(x(n)j )mj=1∥∥w,1,
then Lsal,1(nE;F)= L(nE;F).
In the same direction, it can be proved that if Las,1(E;Rad(F ))= L(E;Rad(F )), then,
for every natural n, Lsal,1(nE;F)= L(nE;F), and moreoverHsal,1(E;F)=H(E;F).
In order to obtain stronger results, we need the following lemma, which proof is inspired
on some ideas of [3].
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L(E;H)= Las,2(E;H) (8)
for every Hilbert space H . Then, for each H, there exists CH > 0 such that
L(nE;H)= Lfas,2(nE;H) and ‖T ‖fas,2  CnH ‖T ‖
for every T ∈L(nE;H).
Proof. Fix a Hilbert space H . Since L(E; l2(H))= Las,2(E; l2(H)), there exists CH > 0
such that ‖T ‖as,2  CH‖T ‖ for each T ∈ L(E; l2(H)).
We will proceed by induction process. Consider T ∈ L(E;H). If j1 is the canonical
inclusion of H into l2(H), we have
‖T ‖as,2 = ‖j1 ◦ T ‖as,2  CH‖j1 ◦ T ‖ = CH ‖T ‖.
Now assume that the result holds for the n − 1 case. Let us consider (x(j)i )∞i=1 ∈ lw2 (E),
1  j  n. Observe that l2(H) is a Hilbert space that contains isometric copies of lk2(H)
for every k. For each natural number m, consider
Tm :E→ lmn−12 (H)
defined by Tm(x1) = (T (x1, x(2)i2 , . . . , x
(n)
in
))mi2,...,in=1. Now, if j2 denotes the inclusion of
lm
n−1
2 (H) into l2(H), we have j2 ◦ Tm :E→ l2(H) and
‖Tm‖as,2 = ‖j2 ◦ Tm‖as,2  CH ‖j2 ◦ Tm‖ = CH ‖Tm‖.
Thus we have(
m∑
i1,...,in=1
∥∥T (x(1)i1 , x(2)i2 , . . . , x(n)in )∥∥2
)1/2
=
(
m∑
i1=1
∥∥Tm(x(1)i1 )∥∥2
)1/2
 ‖Tm‖as,2
∥∥(x(1)i )mi=1∥∥w,2  CH ‖Tm‖∥∥(x(1)i )mi=1∥∥w,2.
Denoting Tx1 = T (x1, · , . . . , ·) we have, by the induction hypothesis, that Tx1 :E × · · · ×
E→H is fully (2;2)-summing and ‖Tx1‖as,2  Cn−1H ‖T ‖‖x1‖.
Now, observe that
∥∥Tm(x1)∥∥=
(
m∑
i2,...,in=1
∥∥T (x1, x(2)i2 , . . . , x(n)in )∥∥2
)1/2
 ‖Tx1‖as,2
n∏
j=2
∥∥(x(j)i )mi=1∥∥w,2  Cn−1H ‖T ‖‖x1‖
n∏
j=2
∥∥(x(j)i )mi=1∥∥w,2.
Thus
‖Tm‖ Cn−1H ‖T ‖
n∏∥∥(x(j)i )mi=1∥∥w,2j=2
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m∑
i1,...,in=1
∥∥T (x(1)i1 , x(2)i2 , . . . , x(n)in )∥∥2
)1/2
 CnH ‖T ‖
n∏
j=1
∥∥(x(j)i )mi=1∥∥w,2. ✷
By applying Lemma 9, we can obtain some coincidence results for almost r-summing
holomorphic mappings from Lp-spaces into Hilbert spaces.
Theorem 10. If H is a Hilbert space and E is an Lp-space, p = 1 or ∞, then
Hsal,r (E;H)=H(E;H) for every 1 r  2.
Proof. It suffices to consider r = 2. If p = 1 or p =∞, since L(E;H)= Las,2(E;H),
the result follows by applying Lemma 9. ✷
For 1 <p <∞ we shall not expect the same results. For example, if E is an Lp-space,
F is an arbitrary Banach space, n p and 1/p+ 1/q = 1, one can easily see that
Pal,r (nE;F) =P(nE;F), ∀r  q,
and, a fortiori,
Psal,r (nE;F) =P(nE;F), ∀r  q. (9)
In fact, we can assume F =K and E = lp . Define P : lp →K by P((xj )∞j=1)=
∑∞
j=1 xnj .
Since (ej )∞j=1 ∈ lwq (lp), P is not absolutely (2;q)-summing and thus fails to be almost
q-summing.
For the case 1 <p < 2, we have q > 2 and thus (9) is trivial, since Psal,q(nE;F)= {0}
for every q > 2. However, if n 2 and 1 <p <∞, one can obtain
Theorem 11. If E is an Lp-space, 1 <p <∞, n 2 and F is an arbitrary Banach space,
then
Pal,2(nE;F) =P(nE;F)
and, a fortiori,
Psal,2(nE;F) =P(nE;F).
Proof. It is not hard to see that it suffices to deal with the case F =K. Note that P : l2 →K
defined by P((xj )∞j=1) =
∑∞
j=1 xnj is not absolutely (2;2)-summing. Thus, P fails to be
almost 2-summing. Since p = 1 and p =∞, from Khinchin’s inequalities, l2 is isomorphic
to a complemented subspace of Lp[0,1] (see [7, Proposition 1.12(c)]) and hence we can
obtain a continuous linear form on Lp[0,1] which is not almost 2-summing. A localization
argument completes the proof. ✷
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